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In this paper we deal with the open problem of convex combinations of continu-
ous triangular norms stated by Alsina, Frank, and Schweizer [C. Alsina, M.J. Frank,
B. Schweizer, Problems on associative functions, Aequationes Math. 66 (2003) 128–140,
Problems 5 and 6]. They pose a question whether a non-trivial convex combination of
triangular norms can ever be a triangular norm. The main result of this paper gives a neg-
ative answer to the question for any pair of continuous Archimedean triangular norms with
different supports. With the help of this result we show that a non-trivial convex combi-
nation of nilpotent t-norms is never a t-norm. The main result also gives an alternative
proof to the result presented by Ouyang and Fang [Y. Ouyang, J. Fang, Some observations
about the convex combination of continuous triangular norms, Nonlinear Anal., 68 (11)
(2008) 3382–3387, Theorem 3.1]. In proof of the main theorem we utilize the Reidmeister
condition known from the web geometry.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The notion of triangular norm was originally introduced within the framework of probabilistic metric spaces [12]. Since
then, triangular norms have found diverse applications in the theory of fuzzy sets, fuzzy decision making, in models of
certain many-valued logics [5] or in multivariate statistical analysis; for a reference see the books by Alsina, Frank and
Schweizer [2] and by Klement, Mesiar and Pap [7].
Let us brieﬂy recall that a triangular norm (shortly a t-norm) is a function T : [0,1]2 → [0,1] which is non-decreasing
in both arguments, commutative and which satisﬁes the associativity functional equation T (T (x, y), z) = T (x, T (y, z)) and the
boundary condition T (x,1) = x for all x, y, z ∈ [0,1]. As an example let us mention the product t-norm TP(x, y) = xy and the
Łukasiewicz t-norm TL(x, y) = max{0, x+ y − 1}.
By a convex combination of two t-norms T1, T2 we mean a function F = αT1 + (1 − α)T2 where α ∈ [0,1]. Obviously,
convex combinations of t-norms are non-decreasing and commutative functions which satisfy the boundary condition. On
the other hand, they tend to violate the associativity; for example no convex combination of TL and TP , except for trivial
cases, is a t-norm. In general the convex structure of the set of all t-norms is still not clariﬁed completely and the question
whether a non-trivial convex combination of two different continuous t-norms can ever be a t-norm [1, Problems 5 and 6]
is a long standing open problem. It is conjectured that except for trivial cases the answer is negative. In the present paper
we prove this conjecture within the important class of continuous nilpotent t-norms.
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portant in the context of this paper. We also deﬁne the minimal set of notions which are important in order to formulate
the outlined results. For the sake of brevity we sometimes do not use the original deﬁnitions but their equivalent character-
izations which suit better for the purpose of this paper. In order to outrule trivial cases, from now on whenever we write
“convex combination” we mean a function αT1 + (1− α)T2 where α ∈ ]0,1[ and T1 = T2.
Given a t-norm T and an increasing bijection ϕ : [0,1] → [0,1], we deﬁne the ϕ-transform of T to be the function
Tϕ : [0,1]2 → [0,1] : (x, y) → ϕ−1
(
T
(
ϕ(x),ϕ(y)
))
.
A t-norm is said to be strict or nilpotent if it is a ϕ-transform of TP or TL respectively (we point out that, throughout the
paper, we deal with continuous t-norms only). A number x ∈ [0,1] is an idempotent element of a t-norm T if T (x, x) = x.
The numbers 0 and 1 are idempotent elements of any t-norm; if a continuous t-norm has no other idempotent elements,
then it is called a continuous Archimedean t-norm [8]. It can be shown that the class of continuous Archimedean t-norms is
exactly the union of the class of strict t-norms and the class of nilpotent t-norms [7]. If I is an at most countable index
set, (Ti)i∈I is a sequence of t-norms and ([ai,bi])i∈I is a sequence of subintervals of [0,1] with pairwisely disjoint interiors,
then we deﬁne an ordinal sum t-norm [7] given by these ingredients as
T : [0,1]2 → [0,1] : (x, y) →
{
ai + (bi − ai)Ti( x−aibi−ai ,
y−ai
bi−ai ) if x, y ∈ ]ai,bi[,
min{x, y} otherwise.
The t-norms Ti are called summands and the intervals [ai,bi] are called summand carriers of the ordinal sum t-norm. Note
that the ordinal sum t-norms are indeed t-norms. Moreover, if all the summands are continuous the ordinal sum is continu-
ous as well [7]. The ordinal sum construction allows for a neat characterization of the class of continuous t-norms; a t-norm
is continuous if and only if it is an ordinal sum of continuous Archimedean summands [7,12]. In the case when all the
summands are Archimedean the set of idempotent elements of an ordinal sum t-norm is completely determined by the
structure of its summand carriers; a number x ∈ [0,1] is an idempotent element of such a t-norm if and only if it is not
contained in the interior of any of its summand carriers.
The results related to convex combinations of t-norms are rare. In the historically ﬁrst paper dealing with this problem
Tomás [13] shows that a convex combination of two continuous Archimedean t-norms with smoothly differentiable additive
generators satisfying an additional constraint is never a t-norm. However this smoothness assumption [3] and the constraint
are rather restrictive. In the papers by Ouyang, Fang and Li [10,11], the whole class of continuous t-norms is treated under
no additional assumptions. For example, they prove [10, Theorems 2.1 and 2.2] that a convex combination of a continuous
Archimedean t-norm and a continuous non-Archimedean t-norm is never a t-norm. In other words, if a convex combination
of two continuous t-norms is a t-norm again, then both combined t-norms are ordinal sums with the same structure
of summand carriers and with continuous Archimedean summands. By this result, the problem of convex structure of
continuous t-norms boils down to that of the Archimedean ones. By another result of theirs [10, Theorem 3.1], a convex
combination of a strict and a nilpotent t-norm is never a t-norm. Thus even the latter task can be subdivided into solving
the convex structure of the nilpotent class and of the strict class separately. Another type of results are no-way theorems for
pairs of t-norms satisfying an additional property. One of them is due to Jenei [6] and applies to all pairs of left-continuous
t-norms (which constitute more general class than the continuous ones) with an additional property that both t-norms
share a level set of special properties (which, on the other hand, signiﬁcantly reduces generality of the result). Note that, for
z ∈ [0,1], a z-level set of a t-norm T is deﬁned as
L(T , z) = {(x, y) ∈ [0,1]2 ∣∣ T (x, y) = z}. (1)
An immediate consequence of this result is that for two nilpotent t-norms T1, T2 which share a z-level set for z ∈
[0,1[, none of their convex combinations is a t-norm. Let us mention also the recent result by Mesiar and Mesiarová-
Zemánková [9] where it is stated that a convex combination of two continuous t-norms with the same diagonal is never a
t-norm. We recall that a diagonal of a t-norm T is the function x → T (x, x).
Let us note that it is not diﬃcult to ﬁnd three non-continuous t-norms such that one of them is a convex combination
of the two other. For example, let T1 be an ordinal sum of the product t-norm TP on the carrier [0,1/2]. Let T2 be a binary
operation on [0,1] such that T2(x, y) = 0 for x, y ∈ [0,1/2] and T2(x, y) = min{x, y} otherwise. It is easy to check that T2
is a t-norm. Observe now that any convex combination of T1 and T2 is a t-norm. Note that all the t-norms involved are
left-continuous.
In our approach we adopt the level set view of t-norms and, in order to characterize systems of their level sets, we
utilize ideas from web geometry (for a basic introduction to web geometry we suggest the book by Blaschke and Bol [4]). In
particular, we show that the Reidmeister condition, which is a simple web geometric concept, is satisﬁed by the system of all
level sets of every Archimedean t-norm.
2. Convex combinations of nilpotent t-norms
Remark 1. All the topological notions used within this paper (border, interior, neighbourhood, connectedness, open and
closed sets, cluster point, . . . ) refer to the topological space [0,1]2 with the standard product topology.
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T (p) = T (xp, yp). Every t-norm T induces naturally an equivalence relation; we say that two points p,q ∈ [0,1]2 are
T -equivalent (and we write p ≈T q) if and only if T (p) = T (q). It is obvious that equivalence classes of ≈T are exactly
the level sets of T . Given a t-norm T , we deﬁne its level set system L(T ) to be the collection of all its non-zero-level sets and
its support supp(T ) to be the domain of its positivity
L(T ) = {L(T , z) ∣∣ z ∈ ]0,1]},
supp(T ) =
⋃
L(T ).
Recall that, according to (1), the symbol L(T , z) stands for the z-levelset of T . The border of the region supp(T ), as referred
in Remark 1, we call the zero-level contour of the t-norm T and we denote it ∂(T ).
By a rectangle we mean a set of four distinct points R = {x1, x2} × {y1, y2} ⊂ [0,1]2 where x1 < x2 and y1 < y2. We call
the elements of R vertices and we denote them by lower-case letters ri j = (xi, y j). If we denote a second rectangle by R˜ , we
denote its vertices in a similar way by r˜i j . The relation ≈T is extended to rectangles in the following way: two rectangles
R, R˜ in the unit square are said to be T -equivalent (and we write R ≈T R˜) if and only if ri j ≈T r˜i j for all i, j ∈ {1,2}. In other
words, two rectangles are T -equivalent if and only if their corresponding vertices are T -equivalent. Beside ≈T , we deﬁne
also a weaker relation on the set of rectangles; two rectangles R, R˜ on the unit square are said to be T -aligned (and we
write R ∼T R˜) if and only if the relation ri j ≈T r˜i j is violated for at most one combination of i and j. Clearly, if restricted to
rectangles, ≈T is a subrelation of ∼T . Situations where also the reverse inclusion holds are of central interest throughout
the paper.
Deﬁnition 2. We say that a system of level sets L(T ) of a t-norm T satisﬁes the Reidmeister condition if R ∼T R˜ implies
R ≈T R˜ for every pair of rectangles R, R˜ ⊂ supp(T ).
The notion of the Reidmeister condition has its origin in web geometry [4] where it is deﬁned in a much more gen-
eral way for general webs. However for each t-norm T one can easily construct a special web on which the Reidmeister
condition coincides with that of Deﬁnition 2. Using local loops, which are another web-geometric constructs, and invoking
correspondences between their algebraic properties and diverse web-geometric closure conditions, which are basic results
in the web geometry, the claim of the next proposition follows for free. On the other hand this approach would overkill
purposes of the present paper. In order to keep the paper self-contained and still short we decided to provide an alternative
and straightforward proof.
Lemma 3. If the level set system of a t-norm satisﬁes the Reidmeister condition then so do the level set systems of all its ϕ-transforms.
Proof. Let ϕ : [0,1] → [0,1] be an arbitrary ﬁxed increasing bijection. For a point p = (xp, yp) from the unit square, deﬁne
ϕ(p) := (ϕ(xp),ϕ(yp)). By extension, for a rectangle R = {r11, r12, r21, r22} ⊂ [0,1]2, we write
ϕ(R) := {ϕ(r11),ϕ(r12),ϕ(r21),ϕ(r22)}.
Observe that Tϕ(p) = ϕ−1(T (ϕ(p))). From this simple observation it immediately follows that
p ∈ supp(Tϕ) ⇔ ϕ(p) ∈ supp(T ),
p1 ≈Tϕ p2 ⇔ ϕ(p1) ≈T ϕ(p2)
for any p, p1, p2 from the unit square. And because the T -equivalence and the T -alignment for rectangles are just vertex-
wise extensions of ≈T , we have also
R ⊂ supp(Tϕ) ⇔ ϕ(R) ⊂ supp(T ), (2)
R1 ≈Tϕ R2 ⇔ ϕ(R1) ≈T ϕ(R2), (3)
R3 ∼Tϕ R4 ⇔ ϕ(R3) ∼T ϕ(R4) (4)
for any rectangles R, R1, R2 ⊂ [0,1]2 and R3, R4 ⊂ supp(Tϕ).
Now let the level set system L(T ) of a t-norm T satisfy the Reidmeister condition. Let R1, R2 ⊂ supp(Tϕ) with R1 ∼Tϕ R2.
According to (2), rectangles ϕ(R1) and ϕ(R2) are within the support of T and, according to (4), they are also T -aligned.
Since L(T ) satisﬁes the Reidmeister condition, we have also ϕ(R1) ≈T ϕ(R2). Finally, invoking (3), we end up with R1 ≈Tϕ R2
which means that L(Tϕ) satisﬁes the Reidmeister condition as well. 
Proposition 4. The level set system of a continuous Archimedean t-norm satisﬁes the Reidmeister condition.
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prove the claim for the level sets of (A) TP and (B) TL .
(A) Let R = {x1, x2}× {y1, y2} ⊂ ]0,1]2 and R˜ = {˜x1, x˜2}× {˜y1, y˜2} ⊂ ]0,1]2 be two rectangles with R ∼TP R˜ . In particular,
we will suppose the case when ri j ≈TP r˜i j for (i, j) ∈ Idx := {(1,1), (1,2), (2,1)} (the remaining cases of alignment relation,
corresponding to other possible choices of the set Idx, can be treated analogously). Expanding the deﬁning expression of TP ,
the latter reads as xi · y j = x˜i · y˜ j for all (i, j) ∈ Idx. Since all variables attain positive values, we have
x2 = x˜2 · y˜1
y1
and y2 = x˜1 · y˜2
x1
.
And, as x1 · y1 = x˜1 · y˜1, we can derive
x2 · y2 = x˜2 · y˜1
x1
· x˜1 · y˜2
y1
= x˜1 · y˜2 · x˜2 · y˜1
x˜1 · y˜1 = x˜2 · y˜2
proving the relation ri j ≈TP r˜i j also for (i, j) = (2,2). Therefore R ≈TP R˜ and the level set system of TP satisﬁes the Reid-
meister condition.
(B) Observe that supp(TL) is a right-angled triangle with vertices at (1,0), (1,1), and (0,1) and that the system of
level sets of TL is formed by straight lines parallel to the hypotenuse of the triangle. The proof is concluded by the simple
geometric observation that any cover of a convex region in [0,1]2 (like the support of TL) consisting of parallel straight
lines satisﬁes the Reidmeister condition. 
Now, with the help of web geometry we will approach the problem of convex combinations.
Lemma 5. Let T be a continuous Archimedean t-norm and let R ⊂ supp(T ) be a rectangle. Then for any p ∈ supp(T ) which is
T -equivalent with r22 there exists a rectangle R˜ ⊂ supp(T ) such that p = r˜22 and R˜ ≈T R.
Proof. Let p = (xp, yp). We construct the rectangle R˜ in the following way. The point r˜22 is equal to p. Let L(T , T (r12)) and
L(T , T (r21)) be the level sets passing through the points r12 and r21, respectively. The points r˜12 and r˜21 are given as the
unique intersection of L(T , T (r12)) with the line y = yp and as the unique intersection of L(T , T (r21)) with the line x = xp ,
respectively. We naturally complement these three points to a rectangle R˜ which is obviously T -aligned with R . Since L(T )
satisﬁes the Reidmeister condition, the rectangle R˜ is also T -equivalent with R . 
Theorem 6. Let T1 and T2 be two continuous Archimedean t-norms such that supp(T1) = supp(T2). Then no non-trivial convex
combination F of T1 and T2 is a t-norm.
Proof. Suppose that F is a t-norm. Then, since it is a convex combination of two continuous Archimedean t-norms, it is
continuous and Archimedean as well. Therefore, according to Proposition 4, L(F ) has to satisfy the Reidmeister condition.
Since the supports of T1 and of T2 are different sets, at least one of their set-differences is non-empty; without loss of
generality we can assume that it is Ξ = supp(T2) supp(T1). As an immediate consequence, T1 is nilpotent; see Fig. 1. We
point out that Ξ does not need to be connected. Since supp(T1) is an open region, the region Ξ has a non-empty interior;
cf. Remark 1. We denote by η the border between Ξ and supp(T1). Note that η is a non-empty subset of ∂(T1).
The rectangles R and R˜ are constructed in the following way:
Choose a level set L(T2,d) with d > 0 such that L(T2,d) ∩ Ξ is non-empty. From connectedness of L(T2,d) and the
fact that both L(T2,d) ∩ supp(T1) and L(T2,d) ∩ Ξ are non-empty it follows that L(T2,d) ∩ η is non-empty as well. All
the points in η are cluster points of supp(T1). Therefore there can be found a point in η such that it is a cluster point of
L(T2,d) ∩ supp(T1); call this point p. Observe that p /∈ L(T2,d) ∩ supp(T1).
All the level sets, as well as L(T2,d) and ∂(T1), can be viewed as graphs of strictly decreasing continuous functions. For
this reason there can be found a rectangle R such that r22 = p and r11, r12, r21 ∈ Ξ  η. For the same reason, there exists
an open neighbourhood of p, let us call it U (p), with the following property: for every q ∈ U (p) ∩ L(T2,d) ∩ supp(T1) there
exists, according to Lemma 5, a rectangle R˜ such that r˜22 = q, R˜ ≈T2 R , and, moreover, r˜11, r˜12, r˜21 ∈ Ξ  η. Obviously q = p
and thus R = R˜ .
Since F is a convex combination of T1 and T2 and since the restriction T1Ξ is a constant zero function, F Ξ is just
a multiple of T2Ξ . Therefore we can deduce from R˜ ≈T2 R and r˜11, r11, r˜12, r12, r˜21, r21 ∈ Ξ that r11 ≈F r˜11, r12 ≈F r˜12,
and r21 ≈F r˜21. Hence R ∼F R˜ . Nevertheless, the value of T1 is zero in r22 and non-zero in r˜22 whereas T2(r22) = T2 (˜r22).
Therefore F (r22) = F (˜r22) which implies that r22 ≈F r˜22 as well as R ≈F R˜ .
Here we have reached a contradiction as we can see that L(F ) does not satisfy the Reidmeister condition. Therefore
F cannot be a t-norm. 
Theorem 7. A non-trivial convex combination of two distinct nilpotent t-norms is never a t-norm.
M. Petrík, P. Sarkoci / J. Math. Anal. Appl. 350 (2009) 271–275 275Fig. 1. Level set system of the t-norm T2, zero-level contour ∂(T1) of the t-norm T1, and two T2-equivalent rectangles R and R˜; an illustration for the
proof of Theorem 6.
Proof. As already mentioned in Section 1, a convex combination of two nilpotent t-norms with the same support is never
a t-norm [6]. The proof is concluded combining this fact with Theorem 6. 
What follows is an alternative proof of the result given earlier by Ouyang and Fang [10, Theorem 3.1].
Theorem 8. A non-trivial convex combination of a strict and a nilpotent t-norm is never a t-norm.
Proof. The support of every nilpotent t-norm is a proper subset of the unit square whereas the support of every strict
t-norm is the whole unit square. The proof is concluded invoking Theorem 6. 
3. Concluding remark
By the main result of this paper, no convex combination of two nilpotent t-norms is a t-norm again. If there are two
continuous Archimedean t-norms T1, T2 so that some of their convex combinations is a t-norm again, then both T1 and T2
have to be strict. But one can go further. If we take into account the recent result of Mesiar and Mesiarová-Zemánková [9],
T1 and T2 have to be strict t-norms with different diagonals. Of course, the same holds for the corresponding ordinal sums
of such strict t-norms.
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